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Chapter2: 
 
In chapter1, we investigated the way of modulating a sinusoidal carrier wave using AM 
technique. 
There is another way of modulating a, sinusoidal carrier wave, namely, angle 
modulation in which the angle of the carrier wave is varied according to the base-band 
signal.  
In this method of modulation the amplitude of the carrier wave is maintained constant. 
An important feature of angle modulation is that it can provide better discrimination 
against noise and interference than amplitude modulation. 
However, this improvement in performance is achieved transmission bandwidth. 
 
Definition:  
 
If θ )(t devote the angle of a modulated sinusoidal carrier, we express the resulting angle 
modulation wave as 
 
     ))(cos()( tAts iC θ=                   (2.1) 
 
Where AC is the carrier amplitude, signal  theof phase)( −tθ . )(tθ assumed to be a 
function of the message signal. 
 
A complete oscillator occurs whenever )(tθ changes by π2 radians. 
We may define the instantaneous  frequency of the angle- modulated signal s(t) as 
follows:  
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According to equation 2.1, we may interpret the angle modulated signal )(ts as a rotating 
phasor of length CA and an angle ).(tθ the angular velocity of such a phasor 
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In the simple case of unmodulated carrier, the 
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There are an infinite number of ways in which the angle )(tθ may be varied in some 
manner with the message signal. 



However ,we shall consider only two commonly used method, phase modulation and 
frequency modulation . 
  
 
Phase Modulation(PM) 
 
It is a form of angle modulation in which the angle )(tiθ is varied linearly with the 
message signal m(t), 
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Where )()( tmkt P=φ  
 
∴ )(2)( tmktft PCi += πθ     (2.3) 
The term 2 tfCπ  represents the angle of the carrier ; the constant Pk represents the phase 
sensitivity  of the modulator , expressed in radians per volt on the assumption that m(t) is 
a voltage waveform. 
The phase modulated signal s(t) is thus described in the time domain by 
  
 S )](2cos[)( tmktfAt PCC += π        (2.4) 
 
 
Frequency modulation(FM) 
 
Frequency modulation is that from of angle modulation in which the instantaneous 
frequency if )(t is varied linearly with the message signal m(t): 
 

(2.5)       )()( tmkftf fCi +=  
 
The term Cf represents the frequency of the unmodulated carrier and the constant  

fk represents the frequency sensitivity of the modulator, expressed in hertz per volt on 
assumption that m(t) is a voltage waveform . 
Integration equation (2.5)with respect to time we get,(after multiplying by2π ). 
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The frequency modulated signal is therefore described in the time domain by 
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*In summary (see equation 2.4 & 2.7) 
 
Angle modulated wave 
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From equation 2.8 it is clear that the envelope of a PM or FM signal is constant (equal to 
the carrier amplitude). 
 
Where as the envelope of an AM signal is dependent on the message signal. 
Comparing equation 2.4 (page118) with 2.7(page119) reveals that an FM signal may be  
 
 
regarded as a PM signal in which the modulating wave is : 
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This means that an FM signal can be generated by first integrating )(tm and the using 
the result as the input to a phase modulator (see Fig 2.1). 
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( Scheme for generating an FM wave )

 
 
 
Conversely, a PM signal can be generated by first differentiations m (t) and then using 
the result as the input to a frequency modulator as shown Fig 2.2. 
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Scheme for generating PM wave (Fig2.2) 
 
 
We may thus deduce all the properties of PM signal from those of FM signal or vice 
versa. 
∴We concentrate our attention on FM signals. 
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Frequency modulation 
 

The FM signal s(t) defined by equation 2.7(page 119) ⎥
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Is a nonlinear function of the modulating signal m(t), which makes frequency modulation 
a nonlinear modulation process. 
 
Consequently, unlike amplitude modulation, the spectrum of an FM signal is not related 
in a simple manner to that of a modulating signal –its analysing is much more different 
than that of an AM signal. 
 
We propose two simple cases for the spectral analysis of an FM signal: 
 

(1) A single tone modulation that produces a narrow FM signal. 
(2) A single tone modulation that produces wideband FM signal. 

 
Consider a sinusoidal modulating signal, (2.11).           )2cos()( mm fAtm π=  
The instantaneous frequency of the resulting FM signal is given by: 
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The quantity mf Akf =Δ  is called the ‘frequency deviation’, representing the maximum 
departure of the instantaneous frequency of the FM signal from the carrier frequency cf . 
 

(2.14).            mf Akf =Δ  
 
 
 
A fundamental characteristic of an FM signal is that the frequency deviation fΔ is 
proportional to the amplitude of the modulating signal and is independent of the 
modulation frequency. 
 
 
 
 
 
 



The angle )(tiθ of the FM signal, 
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The ratio of the frequency deviation fΔ to the modulation frequency mf is commonly 
called the modulation index of the FM signal. 
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β  is measured in radians. 
 
The FM signal is given by: (2.17).             )2sin(2cos()( tftfAts mcc πβπ +=  
 
Depending on the value of the modulation index β , we may distinguish two cases of 
frequency modulation: 
 

- Narrowband FM, for which β is small compared to one radian. 
- Wideband FM, for which β  is large compared to one radian. 

 



Narrowband  Frequency Modulation: 
 
Consider equation 2.17 above,  
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β  Is small compared to one radian, we may approximate  
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Hence equation2.18 becomes  
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Narrowband FM signal 
Equation 2.19 can be implemented as follows (Fig2.4). 
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Ideally, an FM signal has a constant envelope and for the case of a sinusoidal 
modulating frequency f ,mf  the angle )(tiθ is also sinusoidal with the same frequency. 
(See page122 Fig2.3). 
  
However the modulated signal produced by the narrowband modulator of Fig 2.4 (page 
127) differs from this ideal condition in two fundamental respects: 
 
• The envelope contains residue amplitude modulation and therefore varies with time. 
• For a sinusoidal modulating the angle )(tiθ   contains harmonic distortion in the form 

of third and higher-order harmonic of the modulation frequency .mf  
 
However, if  residual ofeffect  theradians, 0.3 torestricted is index) modulation( ≤ββ  
AM and harmonic are limited to negligible levels. 
 
Returning to equation 2.19(pp.127), 
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Narrowband FM signal 
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Narrowband FM signal    
 
Consider an AM signal equation (page26, equation12) 
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AM signal    
                    
Comparing equation 2.10$ 2.11, we see that in the case of sinusoidal modulation, the  
Basic difference between an AM signal $ a narrowband FM signal is that the algebraic 
sign of the lower side frequency in the narrowband FM is reversed. 
Thus, a narrowband FM signal requires essentially the same transmission band width 
(i.e.2 )mf as the AM signal. 
 
 



Wideband Frequency Modulation: 
 
The FM signal itself is given by  

)2sin2cos()( tftfAts mcc πβπ +=  
We wish to determine the spectrum of the single tone FM signal above, for an arbitrary 
value of the modulation index .β  
Assuming 1>β (wideband frequency modulation we may write the above FM signal as 

[ ])wsinsin(.wsin)wsincos.wcosAs(t) mcmcc tttt ββ −=  
 

• S(t) is no periodic unless cf is an integral multiple of .mf  
• We assume that cf  is large enough compared to the bandwidth of the FM signal. 

We know that: 
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Where n is positive and )(βnJ are coefficient of Bessel functions of the first kind, of 
order n argumentβ . 
Figure below shows the Bessel function )(βnJ versus modulation index β for different 
positive integer value of n. 
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 We can develop further insight into the behaviour of the Bessel function ),(βnJ   
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Substituting equations 2.13 & 2.14 into equation2.12 and expanding products of sines 
and cosines finally yields: 
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Wide-band FM 
    
 
 
s(t) is the desired form for the Fourier series representation of the single tone FM signal 
s(t) for an arbitrary value ofβ . 
 
The discrete spectrum of s(t) is obtained by taking the Fourier transform of both sides of 
equation 2.15 & we have: 

[ ]∑
∞

−∞=

++++−=
n

mcmcn
c nfffnfffJ

A
fs ))((5))(()(

2
)( δβ                              (2.16) 

 
 
FM signal 
 



From 2.15& 2.16 we may make the following observation: 
 

(1) The  spectrum of an FM signal contain a carrier component and an infinite set of 
side frequencies located symmetrically on either side of the carrier  at frequency 
separations f ,32, , mmm fff …………………….(note in AM system a sinusoidal 
modulating signal given rise to only one pair of side frequencies. 

(2) For the special case of β small compared to unity ,only the Bessel coefficients 
J )(J and  )( 10 Bβ have significant values , so that the FM signal is effectively 
composed of a carrier and a single pair of side frequency at .mc ff ±  

 
This situation corresponds to the special case of narrowband FM that was 
considered earlier. 
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Note: Line spectrum of FM with tone modulation 
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      (3) The amplitude of the carrier component varies with ).( toaccording 0 ββ J  
Unlike AM signal, the amplitude of FM carrier component of an FM signal is 
dependent the modulation an index .β  
 
The envelope of an FM signal is constant, so that the average power of such a 
signal developed across 1 ohm resistor is also constant. 
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We wish to investigate the ways in which variation in the amplitude and frequency of a 
sinusoidal affect the spectrum of the FM signal.  
 
Consider the case when the frequency of the modulating signal is fixed, but amplitude is 
varied. 
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Figure below shows amplitude spectrum of FM signal for 5 and 2 , 1=β  
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Consider next the case when the amplitude of the modulating signal is tuned : That is the 
frequency deviation fΔ is maintained constant. 
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The amplitude spectrum of the resulting FM  signal is shown is Fig2.7. 
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We see that when fΔ  is fixed and β  is increased we have an increasing number of 
spectral lines crowding into the fixed frequency interval. 

fffff c Δ+<<Δ−    
That is, whenβ  approaches infinity, the bandwidth of the FM wave approaches the 
limiting value of fΔ2 . 
 
Transmission Bandwidth of FM signals: 
 
In theory an FM signal contains an infinite number of side frequencies so that the band 
width required to transmit such a signal is infinite in extent. 
 
In practice, we find that FM signal is effectively limited to a finite number of significant 
side frequencies. 
 
 In the case of an FM signal generated by a single tone modulating wave of frequency mf , 
The side frequencies that are separated from the carrier frequency Cf by an amount 
greater than the frequency deviation fΔ decrease rapidly toward zero. 
 
Specifically for large values ofβ , the bandwidth approaches, and is only slightly greater 
than the total frequency deviation fΔ2  (See Fig 2.6). 
 
On the other hand, for small values of  β  , the spectrum of FM signal is effectively 
limited to the carrier frequency mC ff ± so that the brand width approaches .2 mf  
 
We may thus define an approximate rule for the transmission bandwidth for an FM signal 
generated by a single tone modulating signal mf  as follows:  
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Consider next the move general case of an arbitrary modulating signal m (t) with its 
highest frequency component donated by W. 
 
The bandwidth required to transmit an FM signal generated by this modulating signal is 
estimated as follows: 
 
First we determine the deviation ratio D defined as the ratio of the frequency deviation 

fΔ which corresponds to the maximum possible amplitude of the modulating signal m(t), 
to the highest modulation frequency W. 
 
       

                               
W

fD Δ=  

 
                           Deviation ratio 
 
The deviation ratio D plays the same role for non sinusoidal modulation that the 
modulation index β  plays for the case of sinusoidal modulation. 
 
Example:   
 
The maximum value of frequency deviation fΔ is normally fixed at 75KHz for 
commercial FM broadcasting by radio. 
 
If we take the modulation frequency W=15KHzwhich is typically the ‘maximum’ audio 
frequency of interest in FM transmission, we find that: 
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Using the transmission bandwidth equation mT ff 22 +Δ=β  

                                                                       )11(2
β

β +Δ= fT     (page…) 

and replacing  Dby  β and replacing mf by W the approximate value of the transmission 
bandwidth of the FM signal is obtained as 
 
                 KHzT 180)1575(2 =+=β  
 
In practice, a bandwidth of 200 KHz is allocated to each transmitter. 
 
 
 
 
 



Generation of FM signals 
 
There are essentially two basic methods of generating frequency –modulated signals 
namely, 
 

• Direct FM  
(Carrier frequency is directly varied in accordance with the input base band signal, 
which is readily, accomplished using a voltage controlled oscillator (VCO). 
 
• Indirect FM 
(The modulating signal is first used to produce a narrowband FM signal and 
frequency multiplication is next used to increase the frequency deviation to the 
desired level). 

One method for generating an FM signal directly is to design an oscillator whose   
Frequency changes with the input voltage. 
When the input voltage is zero, the oscillator generating a sinusoid with frequency Cf and 
when the input voltage changes, this frequency changes accordingly. 
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Voltage Controlled Oscillator (VCO) 
 
In this approach a “Varactor diode” is used. A Varactor diode is a capacitor whose 
capacitance changes with the applied voltage. 
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Therefore , if this capacitor is used in a tuned circuit of the oscillator and the message 
signal is applied to it, the frequency of the tuned circuit ,and the oscillator will change in 
accordance with the message signal(see diagram below). 
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Let the indicator in the tuned circuit be 0L and the capacitance of the varactor diode is 
given by 
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When m (t) =0, the frequency of the tuned circuit is given by: 
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We obtain  
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This is the relation for a frequency modulated signal. 
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Indirect method for generating of FM  
 
Another approach for generating an angle modulation signal is to first generate a 
narrowband angle –modulated signal, and then change it to a wideband signal. 
Due to the similarity of conventional AM signals, generation of narrowband angle 
modulated signals is straightforward. 
 

tAtm mm ωcos)( =

tfA CC π2sin

m

mm tA
ω

ωsin

tfA CC π2cos

∫

 
 
The next step is to use the narrowband angle modulated signals to generate a wideband 
modulated signals (see diagram below). 
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Where naaaa ......,,, ,321 coefficient and n are is the highest order of non linearity. 
The input signal (FM) is defined by 
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Whose instantaneous frequency is: 
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The mid-band frequency of the band-pass filter is set to Cnf where Cf is carrier frequency 
of the incoming FM single s(t). 



The band-pass filter is designed to have a bandwidth equal to n times the transmission 
bandwidth of s(t). 
After band-pass filtering the nonlinear devices output v(t), we have a new FM signal 
defined by: 
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Whose instantaneous frequency is: 
 

)()( tmnknftf fCi +=′            (2.20) 
 
Comparing )()( tmkftf fci +=   and ),()( tnmknftf fCi +=′  
we see that nonlinear processing circuit in page … acts as a frequency multiplier. 
The frequency multiplication ratio is determined by the highest power n in the equation  
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Note: see the top diagram in page … after the above described process , there is no 
guarantee that the carrier frequency of this signal n Cf will be the desired carrier 
frequency, we may perform an up or down conversion to shift the modulated signal to the 
desired center frequency, (see page…). This stage consists 
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of a mixer and a band-pass filter (BP2). If the frequency of the local oscillator of the 
mixer is LOf and we are using a down converter, the final wideband FM signal is given by  
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Since we can freely chose n and 0Lf , we can generate any modulation index at any 
desired carrier frequency by this method. 
 
Example: a narrowband to wideband converter is implemented as follows. 
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The output of the narrowband frequency modulator is given by: 
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With   Hzwc

5102 ×= π , the peak frequency deviation of )(tφ is 50Hz and the bandwidth 
of )(tφ is 500Hz. The wideband output )(tu is to have a carrier frequency of 85MHz and a 
deviation ratio of 5. Determine the frequency multiplier factor n. Also determine two 
possible local oscillator frequencies. Determine the centre frequency and the bandwidth 
of the band-pass filter.  
Deviation ratio at the output of the narrowband FM (i.e. s (t)): 
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500
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Δ
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=
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The frequency multiplier n is: 
 

        n= 50
1.0

5
D
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Wideband carrier frequency =n. cw =50 MHz5105 =×  



We need a carrier of 85MHz  
 

MHzw

MHzwLO

80585   
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LO =−=

=+=∴
 

 
Centre frequency of the BP filter must be equal to the desired carrier frequency of the 
wideband output .i.e85MHz. 
 
The BW of the band pass filter is calculated using Carson’s rule. 
 

wfB 22 +Δ= = KHz
w
fw 6)15(5002)1(2 =+×=+

Δ  

Demodulation of FM: 
 
The demodulation of A FM signal requires a circuit that yields an output voltage that 
varies linearly proportional to the frequency deviation of the input. 
Such circuits are known as discriminators. 
 
There are many different circuit designed for frequency detection (by a frequency 
detector –known as a discriminator). 
 
There are four operational categories: 
 

 FM to AM conversion  
• Phase shift discrimination  
• Zero crossing detection  

 Frequency feedback(PLL) 
 
FM to AM conversion 

 
Any device or circuit whose output equals the time derivation of the input produces FM 
to AM conversion 
 
   Let )(cos)( tAts iC θ=    

 

ττππθ )(22)(With 
0
∫+=
t

fCi mktft  

∴ )(22)( tmkft fCi ππθ +=&  



]2cos.   [2)(    tfAkft mmfCi ππθ +=&

]2cos   [2  tfff mC ππ Δ+=

)](cos)([ tAts iC θ=)().(sin)( ttAts iiC θθ && −=

]2cos[2).(sin)( tffftAts mCiC ππθ Δ+−=&

)180)(sin(.   ]cos[2    )( o& ±Δ+= ttffAts imCC θωπ

AM envelope

(2.21)

Hence an envelope detector with input         yields an output )(ts&

.cos  )( tfftf mCi ωΔ+=proportional to 
 

 
 
Figure below shows a frequency detector based on equation( 2.21). 
 
 
 
 

)(ts )(ˆ ts )(te )(tu

       
 
 
   
The limiter at the input removes any spurious amplitude variations (due to noise) from 
s(t) before reaching the envelope detector. 
 
 
 
 
 
 



Typical waveforms are shown below: 
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Equation (2.21)

FM to AM conversion & demodulated output
 



A differentiator can be implemented using an RC network. 
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 Transfer function 
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The amplitude response of )( fH is shown below: 
 

High-pass filter ( Differentiator )

)( fH

fCf
RCf offCut π2
1=−

1
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If all frequencies present in the input are low so that  
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then the transfer function can be approximated by: 
 
 
 
 



                                                         differentiator 
 
H RCjfRCjf ωπ ==  2)(  
 
  RCffH π2)( =      i.e.  ffH ∝)(  
 

For small f , the RC network has linear amplitude frequency characteristic required of   
an ideal discriminator. 
 

RCjfH ω=)(   
 
If small f , the RC filter acts as a differentiator with gain RC. 
Thus the RC network can be used in place of differentiator in page …. 
 
A simple discriminator circuit is shown below: 
 
 

FM

C

 
 
 
FM demodulator using a phase locked loop (PLL): 
 
For PLL see page… 
 

)(ts )(te )(tvL

)(tvo  
 
 
The input to the PLL is the angle modulated signal [ ])(2cos)( ttfAts CC φπ += ,  



where for ∫=
t

f dmkt
0

)(2)( FM ττπφ  

The VCO generates a sinusoidal of a fixed frequency ,Cf in the absence of an input 
control voltage. [ ]0)(.. =tVei L  
 
The instantaneous frequency of the VCO is  
 

)()( tvkftf LvCi +=  
Where vk is a deviation constant with units Hz/Volt, consequently the VCO output may 
be expressed as 
 
        ))(2sin()( ttfAtv oCoo φπ +=  

      Where ∫=
t

Lvo dvkt
0

)(2)( ττπφ  

The phase detector is basically a multiplier and the filter that rejects the signal component 
centered at 2 Cf . Hence its input may be expressed as  

[ ]  )()(   sin
2
1)( 00 ttAAte C φφ −=

)(teφ=  
Let us assume that the PLL is in lock, so that the phase error is small, then  
 

)()()()()(sin ttttt eoo φφφφφ =−≈−  
 
We may express the phase error as: 

∫−=
t

Lve dVktt
0

)(2)()( ττπθφ   

Using this equation we obtain a linearised PLL. 
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Equivalently, by differentiating we obtain: 
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Fourier transform of the above equation gives : 
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We design the loop filter such that 1
)(
>>

jf
fGkv  in the frequency band Wf <|| . 
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Since the control voltage of the VCD is proportional to the message signal )(tvL is the 
demodulated signal. 
 

)(tvL)(tφ )(teφ
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We observe the output of the loop filter with frequency responses G (f) is the desired 
message signal. Hence the bandwidth of G (f) should be the same as the bandwidth W of 
the message signal. 



FM Radio Broadcasting (Mono transmission) 
 

• Commercial FM radio broadcasting utilizes the frequency band 88-108MHz for 
transmission of voice and music signals. 

• The carrier frequencies are separated by 200 KHz and the peak –frequency 
deviation is fixed at 75 KHz. 

• The receiver most commonly used in FM radio broadcast is a super heterodyne 
type. 

 

MHzf IF 7.10=

 
As in AM radio reception, common tuning between the RF amplification and the local 
oscillator allows the mixer to bring all FM signals to a common if bandwidth of 200 
KHz, centered at MHzfIF 7.10= . 
 

1

2
1

200 KHz

MHzf IF 7.10= f

-3 dB

 
 

Since the message signal m (t) is embedded in the frequency of the carrier, any amplitude 
variation in the received signal are a result of additive noise and interference. The 
amplitude limiter removes any amplitude variations in the received signal. 
 



FM stereo Broadcasting  
 
Many FM radio stations transmit music programs in stereo by using the outputs of two 
microphones placed in two different parts of the stage. 
(see reference both for more details of the FM stereo transmitter.) 
 
 
 

 
    

                         
 
 
 
 
 
 


